Unlike crushing singularities, the so-called Type IV finite-time singularity offers the possibility that the Universe passes smoothly through it, without any catastrophic effects. Then the question is if the effects of a Type IV singularity can be detected in the process of cosmic evolution. In this paper we address this question in the context of F (R) gravity. As we demonstrate, the effects of a Type IV singularity appear in the Hubble flow parameters, which determine the dynamical evolution of the cosmological system. So we study various inflation models incorporating a Type IV singularity, with the singularity occurring at the end of inflation. Particularly we study a toy model and a singular version of the R 2 gravity Hubble rate. As we evince, some of the Hubble flow parameters become singular at the singularity, an effect which indicates that at that point a dynamical instability occurs. This dynamical instability eventually indicates the graceful exit from inflation. We demonstrate that the toy model has an unstable de Sitter point at the singularity, so indeed graceful exit could be triggered. In the case of the singular inflation model, graceful exit proceeds in the standard way. In addition, we investigate how the form of the F (R) gravity affects the singularity structure of the Hubble flow parameters. In the case of the singular inflation model, we found various scenarios for singular evolution, most of which are compatible with observations, and only one leads to severe instabilities. In addition, in one of these scenarios, the presence of the Type IV singularity, slightly modifies the spectral index of primordial curvature perturbations. We also compare the ordinary Starobinsky with the singular inflation model, and we point out the qualitative and quantitative differences. Finally, we study the late-time dynamics of the toy model and of the singular inflation model and we demonstrate that the unification of early and late-time acceleration can be achieved. We also show that it is possible to achieve late-time acceleration similar to the Λ-Cold Dark Matter model. PACS numbers: 04.50. Kd, 95.36.+x, 98.80.Cq, 
I. INTRODUCTION
Singularities in physical theories always indicate that the theory needs some modification at the scales that the singularity occurs, since the singularity itself reveals an incompleteness of the theoretical description. In General Relativity, there are two types of singularities, the timelike and spacelike singularities, both described by the HawkingPenrose theorems [1] . Spacelike singularities occur in compact objects like black holes [2] , while timelike singularities are in some way some events that occur globally on a spacelike hypersurface. The timelike singularities are known in cosmology as finite time singularities and where firstly extensively classified in [3] . Among these, there are crushing type singularities, like the Big Rip [4] , but also milder singularities, like the Type IV singularity [3, [5] [6] [7] [8] . In the same class of milder singularities belong the sudden singularities, firstly studied in [9, 10] , and further developed in [11] . The difference between crushing types singularities and milder singularities is that, in the crushing type singularities geodesics incompleteness occurs and therefore these singularities are catastrophic events, since some or all the physical quantities defined on a spacelike hypersurface at the moment that the singularity occurs, strongly diverge. However, in the case of milder singularities, like the Type IV, the physical quantities do not diverge and therefore the passage of the Universe through such a singularity is smooth. However, the existence of the singularity can be responsible for a number of interesting phenomenological consequences, as was demonstrated in [6] [7] [8] . Particularly, as was shown in [7] , the existence of a Type IV singularity in a scalar-tensor cosmological framework, generates an instability in the second Hubble slow-roll parameter [12] , a fact that can indicate a possible mechanism for the graceful exit from inflation for that scalar-tensor model. For reviews and useful studies on inflation, the reader is referred to [13] and in addition, for alternative ideas with regards to the graceful exit one, see [14] . In the model studied in [7] , it was assumed that the slow-roll condition for the canonical scalar field did not hold true, and the exit from inflation could occur owing to the instability of the second Hubble slow-roll index η H .
In this paper we shall investigate the phenomenological implications of a Type IV singularity on the inflationary dynamics of vacuum F (R) gravity. Particularly, we shall study a toy model inflationary solution containing a mild singularity at a certain time instance, and we also find the F (R) gravity (for review, see [15] ) that can generate such an inflationary solution. In addition to this toy model, we also study a singular analog of R 2 inflation [16] . In addition, we shall calculate the corresponding Hubble flow (also called slow-roll) parameters [17, 18] , and we will investigate what are the effects of the Type IV singularity on the Hubble flow parameters for the aforementioned models. The Hubble flow parameters govern the inflationary dynamics, so if the dynamics are affected directly by the presence of the Type IV singularity, this would be a clear indication that the dynamics is interrupted or modified at the singularity point, and therefore the final attractor solution can be changed at exactly the singularity point. As we shall demonstrate, for the inflationary models we shall study, the Hubble flow parameters are small for small cosmic times, but some of the parameters blow up at the singularity point. Therefore, the dynamical evolution at that point is abruptly interrupted and we interpret this instability as an indication that inflation ends at the moment that the singularity occurs. Therefore, the Type IV singularity acts as an indicator of another possible mechanism for graceful exit from inflation in F (R) gravity, to be added in the well established mechanisms for graceful exit in the Jordan frame [16, 19] . We need to note that the form of the F (R) gravity can potentially modify the singularity structure of the Hubble flow parameters, and in order to reveal this we adopt two different approaches, by studying the F (R) gravity near the Type IV singularity and also by assuming a more general form for the vacuum F (R) gravity. An important result of our analysis is that the inflationary picture is not affected by the Type IV singularity, when physical quantities are considered, but the dynamics of inflation are affected strongly and only at the singularity point. In addition, and in support to this, even quantities constructed from physical quantities, like the comoving Hubble radius, are totally unaffected from the Type IV singularity. We are therefore have at hand a quite physically appealing situation for which the physics on the three dimensional spacelike hypersurface corresponding to the singularity time, can be defined in a singularity free way, and the implications of the singularity can be found in auxiliary parameters that determine the dynamics. In addition, the slow-roll condition, a necessary condition in order a sufficient number of e-foldings is achieved, also holds true in our case, and in fact by choosing appropriately the time at which the singularity occurs, we can produce the desirable number of e-foldings, since inflation can end at the singular point. The most important outcomes are obtained for the singular inflation model, in which case we demonstrate that the singular model can be compatible with current observational data in most cases, and only in one case strong instabilities occur, which make this situation peculiar. Finally, the models of inflation we shall study, also provide an interesting late-time behavior, which we analyze by investigating the corresponding Equation of State (EoS). Particularly, as we evince, it possible that the singular cosmological models we studied, offer a consistent theoretical framework, in the context of which, early-time and late-time acceleration are unified [20, 21] . For the singular inflation model, this is a particularly appealing scenario, since it is possible to describe early-time acceleration consistent with current observational data, but also with the same model, late-time acceleration can also be consistently described. This paper is organized as follows: In section II we provide in brief all the essential information for the finite time singularities and also present all the conventions we shall assume that hold true throughout the paper. In section III, we present the toy model Type IV singular inflationary solution and in section IV we investigate which F (R) gravity can successfully describe the toy model inflationary solution with emphasis being given for times near the Type IV singularity. In addition, in section V we analyze in detail the inflationary picture of the toy model and we calculate in detail the Hubble flow parameters, for the corresponding solution of the F (R) gravity we found. Moreover, we comment on the singularity structure of the Hubble flow parameters for the case that the F (R) gravity has a more general form. Moreover, we analyze the graceful exit mechanism that the infinite instabilities of the Hubble flow parameters seem to impose. Additionally, we demonstrate that graceful exit can be achieved owing to the existence of an unstable de Sitter point at the singularity. In section VI we analyze in detail a singular version of the Starobinsky R 2 inflation model in the Jordan frame, and we present all the different evolution scenarios. We also discuss the implications of the different scenarios, both on observations and also on the dynamics of the cosmological system. In section VII we study the late-time dynamics of all the cosmological models we analyzed in the previous sections and we demonstrate that all the models succeed to describe the unification of early with late-time acceleration. The conclusions along with a discussion follow in the end of the paper.
II. FINITE TIME SINGULARITIES ESSENTIALS AND CONVENTIONS
Before we discuss the singular inflation models we shall use in this paper, it is worth to recall some basic information with regards to finite time singularities. The detailed classification of finite time cosmological singularities was done in Ref. [3] , and the classification uses three physical quantities, the effective energy density, the effective pressure, the scale factor and also the Hubble rate and it's higher derivatives. It is worth noting that all the finite time singularities are timelike singularities. The finite time singularities are classified in the following way [3] ,
• Type I ("Big Rip Singularity"): It is the most "severe" singularity from a phenomenological point of view, and it occurs when the cosmic time t approaches a time instance t s , that is, t → t s , the scale factor a, the effective energy density ρ eff and also the effective pressure p eff diverge, that is, a → ∞, ρ eff → ∞, and |p eff | → ∞ respectively. For more details on this singularity, the reader is referred in Refs. [4] .
• Type II ("Sudden Singularity"): In this case, as t → t s , both the scale factor and the effective energy density are finite, that is, a → a s , ρ eff → ρ s , but the effective pressure diverges, |p eff | → ∞. For more information on this type of singularity, consult [9] [10] [11] .
• Type III: For this finite time singularity, as the cosmic time approaches the time instance t s , both the effective energy density and the effective pressure diverge, that is ρ eff → ∞ and |p eff | → ∞, but the scale factor remains finite, a → a s .
• Type IV: The most mild from a phenomenological point of view, since in this case, the Universe can smoothly pass through it, with all the physical quantities that can be defined on the three dimensional spacelike hypersurface t = t s , remaining finite. Particularly, the scale factor, the energy density and the pressure remain finite, that is, a → a s , ρ eff → ρ s , |p eff | → p s . In addition, the Hubble rate and it's first derivative also remain finite, but the higher derivatives, or some higher derivative, diverge. For some phenomenological consequences of this singularity, see [6] [7] [8] .
As we already mentioned, the focus in this paper will be on the Type IV singularity, which we study in the Jordan frame. Before proceeding we need to specify the geometric background we shall assume. We will consider a Jordan frame F (R) gravity in the metric formalism, with the background metric being the flat Friedmann-Robertson-Walker (FRW),
where a(t) denotes the scale factor. Moreover, we shall make use of a torsion-less, symmetric, and metric compatible affine connection, the Levi-Civita connection.
III. F (R) GRAVITY DESCRIPTION NEAR THE TYPE IV SINGULARITY: A SINGULAR TOY MODEL
Having described the general features of finite time singularities, we now proceed to the description of the toy model we shall use for warm-up, which is an inflationary solution containing a Type IV finite time singularity. In this section we present the toy inflationary solution, and we also investigate which vacuum F (R) gravity can generate such a cosmological evolution, emphasizing to cosmic times near the Type IV singularity.
The main feature of the toy inflationary solution is that it produces an inflationary era, so for a long time, the toy inflationary solution should be a de Sitter solution. Also, we choose the Type IV singularity to occur at the end of the inflationary era. To state this more correctly, the Type IV singularity indicates when the inflationary era ends. In the following sections we shall provide sufficient indications to support this argument.
The toy inflationary solution which we shall describe, is described by the following Hubble rate,
with the assumption that c 0 ≫ f 0 and also for the cosmic times near the inflationary era, it holds true that c 0 ≫ f 0 (t − t s ) α , for α > 0. So in effect, near the time instance t ≃ t s , the cosmological evolution is a nearly de Sitter. Also, the Type IV singularity occurs at t = t s , as it can be seen from Eq. (2) . Particularly, the singularity structure of the cosmological evolution (2) , is determined from the values of the parameter α, and for various values of α it is determined as follows,
• α < −1 corresponds to the Type I singularity.
• −1 < α < 0 corresponds to Type III singularity.
• 0 < α < 1 corresponds to Type II singularity.
• α > 1 corresponds to Type IV singularity.
So in order to have a Type IV singularity we must assume that α > 1, and we adopt this constraint for the parameter α in the rest of this paper. For α > 1, the cosmological evolution near the Type IV singularity is a nearly de Sitter evolution. Indeed, since c 0 ≫ f 0 , the term ∼ f 0 (t − t s ) α is negligible at early times, but it can easily be seen that it dominates the evolution at late times. In Fig. 1 evolution is governed by c 0 at early times and for a sufficient period of time after t = t s , and the evolution is governed by the term ∼ f 0 (t − t s ) α only at late times ∼ t p . In principle the variables can be adjusted to achieve a more phenomenological acceptable cosmology, but we simply demonstrated the behavior of H(t) as a function of time for illustrative reasons, and in order to stress the fact that at early times, the term c 0 governs the evolution, and the second term ∼ f 0 (t − t s ) α governs the late-time evolution. Also it is important to note that the singularity essentially plays no particular role when one considers the Hubble rate and other observable quantities at early times. But as we shall demonstrate, it plays a crucial role in the dynamical evolution. In the FRW background of Eq. (1), the Ricci scalar reads,
so for the Hubble rate of Eq. (2), the Ricci scalar reads,
and consequently near the Type IV singularity, the Ricci scalar is R ≃ 12c 2 0 .
A. F (R) Gravity Description
We now investigate which vacuum F (R) gravity can generate the cosmological evolution described by the Hubble rate (2) . We shall use the reconstruction method used in Refs. [24] [25] [26] and we are mainly interested in the description near the Type IV singularity.
The action of a vacuum Jordan frame F (R) gravity is equal to,
and by adopting the metric formalism, we vary the action of Eq. (5) with respect to the metric g µ,ν , so we obtain the following Friedmann equation,
The reconstruction method we shall adopt, makes use of an auxiliary scalar field φ, so the F (R) gravity of Eq. (5) can be written in the following equivalent form,
Note that the auxiliary field has no kinetic form so it is a non-dynamical degree of freedom. The reconstruction method we employ is based on finding the analytic dependence of the functions P (φ) and Q(φ) on the Ricci scalar R, which can be done if we find the function φ(R). In order to find the latter, we vary the action of Eq. (7) with respect to φ, so we end up to the following equation,
where the prime in this case indicates the derivative of the corresponding function with respect to the auxiliary scalar field φ. Then by solving the algebraic equation (8) as a function of φ, we easily obtain the function φ(R). Correspondingly, by substituting this to Eq. (7) we can obtain the F (R) gravity, which is of the following form,
Essentially, finding the analytic form of the functions P (φ) and Q(φ), is the aim of the reconstruction method. These can be found by varying the action of Eq. (7) with respect to the metric tensor g µν , and the resulting expression is,
By eliminating the function Q(φ(t)) from Eq. (10), we obtain,
Hence, for a given cosmological evolution with Hubble rate H(t), by solving the differential equation (11), we can have the analytic form of the function P (φ) at hand, and from this we can easily find Q(t), by using the first relation of Eq. (10) . Note that, since the action of the F (R) gravity (5) with the action (7) are mathematically equivalent, the auxiliary scalar field can be identified with the cosmic time t, that is φ = t. For more details on this, see for example the Appendix of Ref. [24] . Having described the general reconstruction method, let us now apply it for the cosmology described by the Hubble law of Eq. (2), emphasizing to the behavior near the singularity, that is, for cosmic times t ≃ t s . By substituting the Hubble rate of Eq. (2) in Eq. (11), results to the following linear second order differential equation,
By making use of the variable x = t − t s , the differential equation (12) can be written as follows,
Solving the differential equation (13) analytically for a general α, is a rather formidable task, so we shall be interested in the behavior of the solution for x → 0, which corresponds to t → t s . So since we assumed c 0 ≫ f 0 and for x → 0, the differential equation (13) becomes,
the solution of which is,
where c 1 , c 2 are arbitrary constants. Since x → 0, it stands to reason to expand P (x) for x → 0, so we obtain,
Then, by substituting P (x) in Eq. (10), we get the function Q(x), which for small x is approximately equal to,
Note that we made use of the fact that c 0 ≫ 1. Then, by substituting the resulting forms of P ′ (x) and Q ′ (x) in Eq. (8), and solving it with respect to x, we get the function x(R). By doing so, we finally obtain, acquire
where the detailed form of the parameters A, B and C are given in Appendix. Then by combining Eqs. (16), (17) and (18) and upon substitution in Eq. (9), we obtain the final form of the F (R) gravity near the Type IV singularity t = t s , which is,
with the detail form of the parameters a 0 and a 2 appearing in the Appendix. Note additionally that we have set c 1 = 1+c0 4 , so that the coefficient of R in Eq. (19) becomes equal to one, and therefore we can have Einstein gravity plus higher curvature terms.
IV. SINGULAR INFLATION ANALYSIS AND INSTABILITIES FOR THE INFLATION TOY MODEL
The inflationary evolution described by the Hubble rate of Eq. (2) provides the same physical picture that standard inflation gives. Specifically, during the inflationary era, the cosmological evolution is a nearly de Sitter evolution, so an exponential expansion occurs, and the scale factor is of the form a(t) ∼ e c0t . More importantly, the comoving Hubble radius R H = 1 a(t)H(t) shrinks during inflation, and expands after inflation. Moreover, the Type IV singularity has no particular effect on the comoving quantities, like the comoving Hubble radius. This remark is very important and this is due to the presence of the parameter c 0 . If this was not present, then the standard inflationary picture would not hold true anymore, since a singularity would appear in the comoving Hubble radius. In a future work related to bouncing F (R) cosmology, we shall address this issue in detail.
Coming back to the inflationary evolution (2), the dynamics of the F (R) gravity cosmological evolution is determined by the Hubble flow parameters (also known as slow-roll parameters) given below [17, 18] ,
where σ = dF dR and the prime in the above equation denotes differentiation with respect to the Ricci scalar R. The Hubble flow parameters of Eq. (20) are indicators of the dynamical evolution of the cosmological system and practically they control the dynamics. Particularly, if ǫ i ≪ 1, inflation actually occurs, and it stops when these become of order ∼ 1. When these become of order one, the solution of the cosmological dynamical system that described the evolution up to that point, ceases to be the final attractor of the dynamical system, so the system exits from the inflationary era.
Let us calculate the Hubble flow parameters of Eq. (20), for the Hubble rate (2) and for the F (R) gravity of Eq. (19), emphasizing to their form near the Type IV singularity at t = t s . The parameter ǫ 1 for the Hubble rate (2) reads,
so near the Type IV singularity, this reads,
and since α > 1 and f0 c0 ≪ 1, we conclude that near the Type IV singularity the parameter ǫ 1 satisfies ǫ 1 ≪ 1, while at the Type IV singularity it becomes equal to zero. The full analytic form of the parameter ǫ 3 for the Hubble rate (2) and for the F (R) gravity of Eq. (19) , is equal to,
which can be approximated near the Type IV singularity as follows,
Finally, the full analytic form of the parameter ǫ 4 appears in the Appendix, while below we quote its approximate form near the Type IV singularity,
Let us examine the behavior of the parameters ǫ 3 and ǫ 4 as functions of the cosmic time, starting with ǫ 3 . As it is obvious from Eq. (24), the parameter ǫ 3 for t < t s , satisfies ǫ 3 ≪ 1, since we assumed that f0 c0 ≪ 1, and also since the cosmic time takes very small values. However at t = t s , the parameter ǫ 3 blows up, since the term ∼ (t − t s ) −2+α , is singular at t = t s , for 1 < α < 2. However, if α > 2, the parameter ǫ 3 is free of singularity, but what it interests us the most is the case that a singularity occurs, that is when 1 < α < 2, for which we have a Type IV singularity as we discussed earlier. The same applies for the parameter ǫ 4 and since c 0 ≫ 1, for t < t s , we have ǫ 4 ≪ 1, while at the Type IV singularity, that is at t = t s , the parameter ǫ 4 diverges, due to the presence of the term ∼ (t − t s ). In this case however, a singularity occurs regardless what the value of α is.
We are therefore confronted with the following physical picture: The Hubble flow parameters that control the dynamics of the inflationary solution at hand, for times near but before the singularity t < t s take very small values ǫ i ≪ 1, but at the Type IV singularity, two of these diverge, for 1 < α < 2. This infinite singularity for the parameters ǫ 3 and ǫ 4 clearly indicates a dynamical instability of the cosmological system. In addition, we could say that the dynamical evolution is interrupted violently, so in practise this could mean that the inflationary solution that described the dynamical cosmological evolution up to that point, ceases to be the final attractor of the dynamical cosmological system. Therefore, we could loosely state that this singularity could be an indicator that inflation ends, and therefore it indicates the graceful exit from inflation. In conclusion, we demonstrated that the Hubble flow parameters develop an infinite instability at the Type IV singularity, and this instability is an indication that graceful exit from inflation is triggered. Of course, this is just an indication of graceful exit, and in principle someone could investigate with other methods, the existence of unstable de Sitter vacua near the Type IV singularity. We perform this study in the next section for the inflationary toy model.
A. Graceful Exit via de Sitter Vacuum Instability
Even for the approximate F (R) gravity solution, we can investigate the stability of the corresponding de Sitter vacua near the Type IV singularity. This will validate our claim that the graceful exit indeed occurs near the Type IV singularity.
So we investigate which de Sitter vacua does the F (R) gravity of Eq. (19) has, and whether these are stable or unstable. Let us recall the fact that if a de Sitter vacuum is unstable towards linear perturbations, then the solution corresponding to the de Sitter vacuum is unstable, and therefore it cannot be the final attractor of the theory [19] . Since the parameters a 0 and a 2 appearing in Eq. (19) , contain the parameter c 2 , which is a free parameter in the theory, we can adjust the value of c 2 , so that the F (R) gravity has H(t) = c 0 as de Sitter solution, so practically, the dominating part of the Hubble rate (2) is the de Sitter solution. Since c 0 ≫ 1, the parameter a 0 is approximately equal to a 0 ≃ −6c 0 c 2 , so we choose c 2 = 2. Then, the F (R) gravity becomes equal to,
In order to investigate the existence of de Sitter vacua for the F (R) gravity of Eq. (26), we shall seek for solutions of the form H(t) = H dS in the first FRW equation,
and by substituting in Eq. (27), the solution H = H dS we obtain the following algebraic equation,
which can be solved to yield H dS = c 0 . Therefore, the dominant part of the Hubble rate (2) is the de Sitter vacuum of the F (R) gravity (26) , so what follows is to check the stability of this vacuum towards linear perturbations of the following form,
assuming that the linear perturbation function ∆H(t), satisfies | ∆H(t) |≪ 1. Substituting Eq. (29) in the first FRW equation (27) , and keeping derivatives up to second order of ∆H(t), and also linear terms to ∆Ḣ(t), we obtain the following second order differential equation,
where the "dot" denotes differentiation with respect to t. Solving the differential equation (30), with H dS = c 0 we obtain the following solution,
where c A and c B are arbitrary integration constants. Obviously the second term in the above equation, namely ∼ e 1 6 (−9c0+ √ 465c0)t , grows exponentially with time, since the exponent is positive, and therefore it dominates the evolution of the linear perturbation ∆H(t). Therefore, since the evolution of linear perturbations ∆H(t) grows exponentially, this means that the de Sitter vacuum H dS = c 0 is unstable towards linear perturbations, and therefore this results to curvature perturbations which will induce the graceful exit from inflation in the present F (R) model. Recall that the F (R) gravity of Eq. (26) has this form only near the Type IV singularity, so the analysis holds true for cosmic times near the singularity, and therefore graceful exit occurs at exactly the Type IV singularity, since H(t) = c 0 at t = t s . This analysis of stable-unstable de Sitter vacua validates our claim that the infinite dynamical instabilities in the Hubble flow parameters indicate that graceful exit from inflation will occur.
B. The Role of the F (R) Gravity
From the analysis we performed in the previous section, it is obvious that the functional form of the F (R) gravity plays a crucial role in the determination of the final form of the Hubble flow parameters, as it can also be seen from their analytic form given in Eq. (20) . It is worth examining the general case of an F (R) gravity, to see how the form of the F (R) gravity affects the singularity structure of the Hubble flow parameters. This is the subject of this section, where we assume a general form for the F (R) gravity. We shall adopt the following notation
As it is expected, the functional form of the F (R) gravity plays an important role on the singularity structure of the Hubble flow parameters (20) . Actually, under certain conditions, the singularities that the Hubble flow parameters develop at the Type IV singularity can be avoided.
For a general F (R) gravity, the first Hubble flow parameter ǫ 1 remains unaffected, but the parameters ǫ 3 behaves as follows,
which for t → t s , is simplified as follows,
As it can be seen, for the case of a Type IV singularity, and when 1 < α < 2, the parameter ǫ 3 diverges, due to the presence of the term ∼ (t − t s ) −2+α . However, if the F (R) gravity behaves as,
with β ≥ (α − 2), then the Hubble flow parameter ǫ 3 behaves as ǫ 3 ∼ (t − t s ) β+α−2 , so the parameter ǫ 3 is free of singularities. With regards to the Hubble flow parameter ǫ 4 , for a general F (R) gravity, and for the Hubble parameter (20) , we calculated it's general form and it appears in the Appendix. Near the Type IV singularity, the parameter ǫ 4 can be approximated as follows,
As in the case of the parameter ǫ 3 , the parameter ǫ 4 diverges for 1 < α < 2, unless the F (R) gravity behaves as follows,
with β ≥ α − 2, as in the previous case. It is remarkable that both the Hubble flow parameters ǫ 3 and ǫ 4 are free of singularities if the functional form of the F (R) gravity satisfies similar functional relations, namely Eq. (34) and (36), and in both cases for β ≥ α − 2.
In conclusion, the functional form of the F (R) gravity plays an important role on the singularity structure of the Hubble flow parameters, and therefore on the potential dynamical instability of the cosmological system under study. Particularly, the singularities occur if α takes values in the interval (1, 2) , however, if the F (R) gravity satisfies,
with β ≥ α − 2, then the Hubble flow parameters are free of singularities.
C. The Hubble Slow-Roll Parameters for a Type IV Singular Evolution
In the previous sections we used the Hubble flow parameters of Eq. (20) to show that an instability occurs in the case the cosmological evolution of a Jordan frame F (R) gravity contains a Type IV singularity. This instability was actually an infinite instability, since some of the Hubble flow parameters contain singularities that occur at the Type IV singularity. As we discussed earlier, the Hubble flow parameters determine the dynamics of inflation, and their functional form depends strongly on the functional form of the F (R) gravity. However, in the literature there are also other parameters that also determine the dynamics of inflation, and in this section we shall discuss the Hubble slow-roll parameters ǫ H and η H [12] . The Hubble slow-roll parameters are superior to the standard slow-roll parameters [12] , but when these are calculated for a canonical scalar field. In the present case, if someone uses the Hubble slow-roll parameters, it is less transparent how the form of the F (R) gravity modifies the dynamics of inflation, but we shall calculate these for completeness. We need to stress however, that the Hubble flow parameters offer a much more reliable description to the dynamics of inflation, at least in the case that a Jordan frame F (R) gravity is studied.
The Hubble slow-roll parameters ǫ H and η H are equal to [12] ,
so by substituting the Hubble rate of Eq. (2) in Eq. (38), the parameter ǫ H becomes,
while the parameter η H is equal to,
Therefore, near the Type IV singularity, the Hubble slow-roll parameters ǫ H and η H of Eqs. (39) and (40) become,
from which we can see that in the case of a Type IV singularity, which occurs when α > 1, the first Hubble slow-roll parameter ǫ H is regular at the singularity, while the second slow-roll parameter η H blows up at the Type IV singularity. Therefore, even the Hubble slow-roll parameters have similar behavior for the singular Hubble rate (2), with some of them exhibiting an infinite instability. Since the Hubble slow-roll parameters also govern the inflationary dynamics, the infinite instability at the singularity clearly indicates that the solution which described the dynamical evolution up to that point is clearly not the final attractor of the theory, since the dynamical system is abruptly interrupted. Therefore, this could be an indicator that graceful exit from inflation occurs. Before we end this section, we need to note that the infinite instability induced by the Type IV singularity could be viewed as another mechanism that could potentially indicate the graceful exit from inflation. Of course, the actual mechanism for the graceful exit should be found by searching for any possible tachyonic instabilities [17] , or unstable de Sitter vacua [19] , or even for possible quantum effects [3] , all these related somehow with the Type IV singularity. So the infinite instabilities of the Hubble flow parameters are actually indicators that graceful exit occurs. In this paper, we used the second mechanism related to unstable de Sitter vacua, to show that indeed graceful exit occurs near the singularity. As we demonstrated, an unstable de Sitter solution exists near the Type IV singularity, so this validated our claims to some extend. However, what is lacking is a detailed study of the F (R) gravity dynamical system near the singularity, which we hope to address in a future work.
V. SINGULAR INFLATION AND COMPARISON WITH ORDINARY STAROBINSKY INFLATION VI. NON-SINGULAR STAROBINSKY INFLATION
Although the functional form of the F (R) gravity (19) resembles very much the ordinary Starobinsky R 2 inflation model [16] , it is not the Starobinsky model, as it can be seen from the parameters a 0 and a 2 appearing in the Appendix. It is of great importance to investigate what new qualitative features does the singularity during inflation brings along. In order to do so, we shall study the R 2 inflation model, with a singularity being included and compare our results with the ordinary R 2 inflation model. This is necessary in order to understand the new qualitative features of the singular inflation. To start with, let us present the ordinary R 2 inflation model, which we modify later on in order to include a Type IV singularity. In the following, when we mention "ordinary R 2 inflation model", we mean the non-singular version of the Starobinsky R 2 inflation model. For the R 2 inflation model, the F (R) gravity is,
with M ≫ 1. The FRW equation corresponding to the F (R) gravity (42) is given below,
and since during inflation, the termsḦ andḢ can be neglected, the resulting Hubble rate that describes the R 2 inflation model of Eq. (42) is,
with t i the time instance that inflation starts and also H i the value of the Hubble rate at t i . Let us calculate the Hubble flow parameters for the ordinary R 2 inflation model of Eq. (42), which we will need later in order to compare with the singular version. By substituting Eqs. (44) and (42) 
from which we can see that no singularity occurs, as it was expected. In the R 2 inflation model of Eq. (42), inflation ends when the Hubble flow parameter ǫ 1 becomes ǫ 1 ∼ 1, so in principle the graceful exit comes as a result of the breaking of the slow-roll expansion [12] . Indeed, the slow-roll expansion is a perturbative expansion in terms of the Hubble flow parameters, and it is valid until the time instance that the perturbative approximation breaks down. In the ordinary R 2 inflation model, the perturbative expansion breaks when the first slow-roll parameter ǫ 1 becomes ǫ 1 ∼ 1, which occurs at the time instance t f . The Hubble rate at t f is
. It is very important to see how the rest Hubble flow parameters behave at t = t f , and by substituting the value of H f in ǫ 3 and ǫ 4 we get,
Also, the time instance t f that inflation ends is equal to,
which easily follows from the condition ǫ 1 (t f ) ≃ 1. In principle, as it is known from the literature [12] , inflation ends when the perturbative slow-roll expansion breaks down. If this occurs, then the solution that described the dynamical evolution of the inflationary model up to that point, ceases to be the final attractor of the model. It is conceivable that the first Hubble flow parameter ǫ 1 corresponds to the first order term in the slow-roll expansion, and as it was argued in [12] , it is possible that graceful exit might occur before this term becomes of order one, since the higher order Hubble flow parameters might become non-perturbative before ǫ 1 becomes of order one. However, in the ordinary R 2 inflation model this does not occur, since, as it can be seen from Eq. (46), the rest of the Hubble flow parameters become of order one simultaneously with ǫ 1 . As we demonstrate in the next section, this is the difference between the singular R 2 inflation and the ordinary R 2 inflation. Before we close this section, it is worth calculating the Hubble slow-roll indices (38) for the ordinary R 2 inflation model, and also express these in term of the e−folds number N , which is defined as follows,
The spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio in terms of the Hubble slow-roll parameters η H and ǫ H are equal to [12] ,
which holds true only in the case the slow-roll expansion is valid. This is a very important observation, since if one of the Hubble slow-roll parameters is large enough so that the slow-roll expansion breaks down, then the observational indices are not given by Eq. (49).
Assuming that the Hubble slow-roll parameters are such, so that the slow-roll approximation holds true, let us calculate the Hubble slow-roll parameters and inflationary indices for the Hubble rate (44). The Hubble slow-roll indices read,
We can express the Hubble slow-parameter ǫ H in term of N , and by combining Eqs. (48) and (44), we obtain,
so upon substitution in Eq. (50) we get,
Consequently, the spectral index n s and the scalar-to-tensor ratio r, read,
The recent observations of the Planck collaboration [22] have verified that the R 2 inflation model is in concordance with observations, so if we suitably choose M and H i , concordance may be achieved. Of course our approach is based on a Jordan frame calculation, but the resulting picture with regards to the observational indices is the same in both Jordan and Einstein frame [23] . To be more concrete, let us see for which values of H i , M and N we can achieve concordance with observations. Assume for example that the number of e-folds is N = 60, so for M ∼ 10 13 sec −1 , and H i ∼ 6.29348 × 10 13 sec −1 , we obtain that the spectral index of primordial perturbations n s and the scalar-to-tensor ratio r become approximately, n s ≃ 0.966, r ≃ 0.003468 .
The latest Planck data (2015) [22] indicate that n s and r are approximately equal to,
so the values given in Eq. (54) are in concordance with the current observational data.
A. Singular Inflation
The ordinary R 2 inflation can also contain a Type IV singularity that we assume to occur at t = t s . The Hubble rate that will describe the singular inflation evolution is the following,
and we shall assume that α > 1, so that a Type IV singularity occurs. In addition, we assume that H i ≫ f 0 , M ≫ f 0 and also that f 0 ≪ 1, and consequently the singularity term is significantly smaller in comparison to the first two terms in Eq. (56). Hence, at the Hubble rate level, the singularity term remains small during inflation and therefore it can be unnoticed. Therefore, near t ≃ t s , the F (R) gravity that can generate the evolution (56) is the one appearing in Eq. (42). As we demonstrated previously, the effects of the singularity will not appear at the level of observable quantities, but the singularity will strongly affect the dynamics of the system. Now we investigate in detail if this holds true in this case too. In order to see this, we calculate the Hubble flow parameters for the Hubble rate (56), so these read,
which for cosmological times near the singularity at t = t s , these can be simplified as follows,
Note that in Eq. (57) H(t) is the Hubble rate (56). As it can be seen from Eq. (58), the Hubble flow parameter ǫ 1 for the singular inflation model, is identical to the one corresponding to the ordinary R 2 inflation model, given in Eq. (45). For the case of the parameter ǫ 3 , things are different, since the presence of the term ∼ (t − t s ) −2+α renders the parameter ǫ 3 singular, if 1 < α < 2, at exactly the point t = t s . In addition, the parameter ǫ 4 contains two sources of singularity, due to the existence of the terms ∼ (t − t s ) −3+α and (t − t s ) −2+α , the first of which becomes singular for 1 < α < 3. The physical implications of these singularities are quite interesting. Let us assume that the parameter ǫ 1 becomes of order one at the time instance t = t f , given in Eq. (47). So we have many different cosmological scenarios which we describe in the following separately.
Scenario I
If t s < t f , and 2 < α < 3, the parameter ǫ 4 becomes singular at t = t s , and the rest Hubble flow parameters are not singular. Particularly, in this case, ǫ 1 remains the same as in Eq. (45), while ǫ 3 becomes simplified and behaves as,
which is identical to the one appearing in Eq. (45) which corresponds to the ordinary R 2 inflation model. Therefore, only the parameter ǫ 4 remains singular at t = t s , and takes the following form,
The Hubble flow parameters control the slow-roll expansion [12] , so a singularity at a higher order slow-roll parameter indicates a dynamical instability of the system. Actually, it indicates that at higher orders, the slow-roll perturbative expansion breaks down, and therefore this indicates that the solution describing the dynamical evolution of the cosmological system up to that point, ceases to be an attractor of the system. This clearly may be viewed as a mechanism for graceful exit from inflation, at least at a higher order.
In conclusion, we have the following qualitative picture: If the Type IV singularity occurs earlier than the time instance t f at which ǫ 1 becomes ∼ 1, and also if 2 < α < 3, then the higher order Hubble flow parameter becomes singular at the Type IV singularity, and therefore the higher order Hubble parameters become singular (ǫ 4 ). We interpret this infinite instability as an indication that graceful exit occurs at the singularity, so in this case, the exit comes earlier from the time that the parameter ǫ 1 becomes of the order ∼ 1.
It is worth calculating the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r in this case, in order to see how the occurrence of a singularity at t s affects the observational data. In order to calculate the inflationary indices, we shall calculate the Hubble slow-roll parameters ǫ H and η H of Eq. (38) for the present case. So at t = t s , these parameters read,
The e-folds parameter N of Eq. (48), for the Hubble rate (56), integrated in the interval [t i , t s ] becomes,
so upon solving with respect to (t s − t i ), we get,
and upon substitution to Eq. (61), we obtain,
so the Hubble slow-roll parameters are identical to the ones corresponding to the R 2 inflation model, given in Eq. (52). So the present evolution scenario is quite appealing, the Hubble slow-roll parameters are identical to the ones corresponding to the ordinary R 2 inflation model. In addition, since the Hubble slow-roll indices (64) are small during inflation, the observational indices are also identical to the ones of the ordinary R 2 inflation model, so in this case too we have,
Obviously, concordance with the observations can be achieved, like in the ordinary R 2 inflation model. For example, if we assume that the total number of e-folds is N = 55, and also by choosing M ∼ 10 13 sec −1 and H i ∼ 6.15964 × 10 13 sec −1 , the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio become,
as in the ordinary R 2 inflation model, so comparing with the observational data (55), it can be seen than concordance can be achieved. Note that we chose N = 55, since in the case at hand, inflation ends earlier than in the ordinary R 2 inflation model.
The differences of the singular inflation compared to the R 2 inflation model is that inflation ends earlier than the R 2 inflation model, and also, inflation ends abruptly, since the Hubble flow parameter ǫ 4 severely diverges. A last comment is in order: Note that, since this result we obtained for this scenario, holds for cosmic times in the vicinity of the singularity, so near t ∼ t s , hence it is valid only near the singularity. In principle, the singularity can be chosen arbitrarily, but then the e-folding number should be appropriately changed. In order to obtain N ≃ 50 − 60, we assume that t s is near the cosmic time t f . The most important feature of this cosmological scenario is that inflation ends abruptly, compared to the ordinary R 2 inflation model, and in fact it ends before the first Hubble slow-roll parameter becomes of order ∼ 1. Recall that the first Hubble slow-roll parameter corresponds to first order in the slow-roll approximation, so in the present scenario, inflation ends at a higher order in the slow-roll expansion. We need to note that in this case, the singularity will not have any observational implications, since the indices are the same as in the R 2 inflation case, with different N , H i and M of course. The only new feature that this scenario brings along is that inflation seems to end earlier and more abruptly.
Scenario II
Consider now the case t s < t f , and 1 < α < 2, in which case the parameters ǫ 3 , ǫ 4 are given in Eq. (58), while the second Hubble slow-roll parameter η H is equal,
In this case, ǫ 3 , ǫ 4 and η H diverge at t = t s , which means that the dynamical evolution develops a strong instability at t = t s , which can be viewed as an indication that inflation ends abruptly at that point. Since the second Hubble slow-roll index diverges at t = t s , someone could claim that the observational indices diverge at t = t s . However, this is wrong, since both the spectral index of primordial curvature perturbations and the scalar-to-tensor ratio can be expressed in terms of the Hubble slow-roll parameters if the slow-roll approximation holds true, that is ǫ H , η H ≪ 1, and obviously at t = t s , the slow-roll approximation breaks down, since η H diverges. Hence, for the present case scenario, what we have is a strong infinite instability at t = t s which indicates that the dynamical evolution of the cosmological system is interrupted abruptly. However, we cannot be sure for any observational implications of the singularity in this case.
Scenario III
In the case that t s < t f and α > 3, the parameters ǫ 3 , ǫ 4 are regular at t = t s , and also the Hubble slow-roll parameter is equal to zero at t = t s . Therefore, in this case inflation ends when ǫ 1 becomes of order ∼ 1, and therefore it is almost similar to the ordinary R 2 inflation model and the singularity is almost unnoticed, because at t = t f , the second Hubble slow-roll parameter η H is not exactly zero, as in the ordinary R 2 inflation model, but it is equal to,
and although (t f − t s ) ≪ 1, still the parameter η H is not zero, so we need to stress the difference in comparison to the ordinary R 2 inflation model. In this case, the inflationary index n s reads,
Hence in this case, the Type IV singularity may have observational implications, since the spectral index of primordial curvature perturbations is different compared to the ordinary R 2 inflation model. Of course the difference is very small ∼ (t f − t s ) −1+α , but still the difference should be reported. Let us be quantitative at this spot, to see how the Type IV singularity affects the spectral index of primordial curvature perturbations, since the scalar-to-tensor ratio remains completely unaffected. By choosing for example the total number of e-folds N = 50, and also by choosing M ∼ 10 13 sec −1 and H i ∼ 6.15964 × 10 13 sec −1 , the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r become, , for the values of N, H i and M we chose earlier. Obviously, in this scenario too there is concordance with the observational data of Eq. (55). Hence, it is highly unlikely that the singularity will have an observable effect, unless H i and M are not chosen to be so large but are of the same order as (t f − t s ) −1+α . However, the latter case is ruled out by observational data. In Table I we present the spectral index and scalar-to-tensor ratio corresponding to the scenarios I and III, for M ∼ 10 13 sec −1 and H i ∼ 6.15964 × 10 13 sec −1 and for various values of the e-folds number N . The scenarios are indistinguishable observationally, but these are different from a dynamical point of view. r ≃ 0.003468
The Scenarios with ts = t f
Now we consider all the cases with t s = t f , and we start our analysis with the case 2 < α < 3, in which case, inflation ends at t s = t f at which time instance, only the Hubble flow parameter ǫ 4 is divergent at t = t f . This case is similar to Scenario I, so inflation ends at t = t f , but more abruptly in comparison to the ordinary R 2 inflation model, since in the present case, at t = t s the parameter ǫ 1 becomes of the order ∼ 1 and at the same time, the parameter ǫ 4 diverges at t = t f = t s , so the exit becomes in some sense more pronounced.
The case t s = t f and 1 < α < 2, is similar to Scenario II, with ǫ 3 , ǫ 4 and η H diverging at t = t f = t s , which indicates that inflation actually ends at t = t f but in a more abrupt way.
The case t s = t f and α > 3 is similar to Scenario III with the difference that in this case, the second Hubble slow-roll index is zero, since t s = t f . Therefore, this case is indistinguishable from the ordinary R 2 inflation model. In Table II we gathered all our results corresponding to all the scenarios we discussed above. Values of α Compatible with Observations Graceful Exit Singular Parameters Singularity observed? t = ts < t f 2 < α < 3 Yes Occurs at t = ts ǫ4 No t = ts < t f 1 < α < 2 Instability Occurs at t = ts ǫ4, ǫ3, ηH Having thoroughly described all the implications of a singular version of the R 2 inflation model, it is worth discussing what are the differences and similarities of it when compared to the ordinary R 2 inflation model. Here we discuss briefly the qualitative and quantitative differences of the two models. The most important difference is that in the case of the singular R 2 model, inflation ends more abruptly, and also it ends at the time that a singularity occurs. This means that it can end earlier from the ordinary R 2 inflation model. Note that in the ordinary R 2 inflation model, inflation ends when the first Hubble slow-roll parameter becomes of order one, however, in the singular inflation model, inflation ends when higher order Hubble flow parameters become singular at the Type IV singularity. This means that the perturbative slow-roll expansion breaks at higher order, so inflation actually ends before the first Hubble slow-roll index becomes of order one.
Among the other differences is that inflation can end earlier in the case of the singular inflation model. In this way, the Type IV singularity might leave its imprint on observational quantities. However, it is possible that both the ordinary and singular inflation models end at the same time, with the difference being that the singular inflation model ends more abruptly.
An advantage of the singular inflation model is that it can also provide a late-time acceleration description, without altering the theoretical framework. Therefore, we can describe early and late-time acceleration with the same model. The details for the various features of the singular inflation, can be found in Table II. A final comment is in order: The singular inflation model is approximately described by the F (R) gravity of Eq. (42) only near the singularity at t ≃ t s , but for other cosmic times, someone should use the reconstruction technique we used in section III and find the general behavior of the F (R) gravity that generates the cosmic evolution with Hubble rate (56). However, it is a formidable task to find the general solution for the Hubble rate (56) since the resulting differential equations are difficult to solve analytically. Of course, although the F (R) gravity that describes the singular inflation and the ordinary R 2 inflation model are near the singularity similar, the difference appears when the dynamics are considered, and particularly, when the Hubble flow parameters or the Hubble slow-roll parameters are calculated. At this level, the singularity has the effects we described in this section.
In addition, note that the F (R) gravity of the toy model near the Type IV singularity given in Eq. (19) looks similar to Eq. (56), but it is totally different, since the coefficients are negative and also due to the presence of a 0 , which effectively acts as a cosmological constant. In principle, F (R) gravities of the form (19) can generate various cosmological scenarios, even bounce cosmologies, see for example [27] . Finally, we need to stress that the different scenarios we described in this paper are all described by the F (R) gravity appearing in Eq. (42) near the singularity. What differentiates one from another is the time that the singularity occurs, and the value of α. In effect, these differ not at the quantitative of the Hubble rate only, but at the level of the Hubble flow and of the Hubble slow-roll parameters. Essentially, the values of α determine if these are different, since some parameters that are not divergent in some scenarios, might become divergent in another scenario. Qualitatively these scenarios are generated by the same approximate F (R) gravity, but the dynamical evolution of each scenario is different.
VII. LATE-TIME COSMOLOGICAL EVOLUTION
In this section we study the late-time behavior of the cosmological model of Eq. (2) and also of the singular inflation model (56). In addition, we shall investigate how to obtain the Λ Cold Dark Matter (LCDM ) model at late-times.
The cosmological evolution described by the Hubble rate of Eq. (2), has some appealing phenomenological features, since it can describe late-time and early-time acceleration, and thus it offers the possibility of a unified description of these acceleration eras. In order to see this, we shall calculate the EoS w ef f corresponding to the Hubble rate (2) , and focus on the behavior of the EoS near the Type IV singularity, which corresponds to early times. Additionally we shall examine the behavior of the EoS at late times. The EoS for an F (R) gravity is given by [15] ,
so by substituting the Hubble rate (2), the EoS reads,
So at early times, since the term c 0 dominates the denominator, the EoS becomes,
Since c 0 ≫ f 0 , this EoS describes a nearly de Sitter evolution, which at t = t s , where the Type IV singularity occurs, it exactly describes a de Sitter evolution, since the term ∼ (t − t s ) −1+α , becomes equal to zero. Now we turn our focus at late times, which means that the cosmic time is larger or equal to present times t p ∼ 10 17 sec. At late times, the EoS becomes,
and since the second term is very small for t ≥ t p , the EoS of Eq. (78) describes a nearly de Sitter evolution. Notice that the evolution is slightly phantom, a feature quite interesting, since present time observations favor a nearly phantom evolution [28] . Hence as we demonstrated, both early and late-time acceleration can be described by the same cosmological model appearing in Eq. (2) . With regards to the singular inflation model (56), the EoS at early times is equal to,
which clearly describes quintessential acceleration. Note that the EoS of Eq. (79), is identical to the EoS corresponding to the ordinary R 2 inflation model. At late-times, the EoS of the singular inflation model behaves as follows,
which since t ≃ 10 17 sec, it describes nearly de Sitter acceleration, because the term ∼ t −1−α is relatively small. Therefore, what we have as a resulting picture is quite appealing, since the Type IV singularity in the R 2 inflation Hubble rate offers the possibility to simultaneously describe early and late-time acceleration with a single model. In addition, at early times, the effect of the singularity is to make the dynamical evolution unstable at the singularity, while at late-times it is possible to have nearly de Sitter evolution. Here we need to clarify an important issue before we continue: The singular inflation Hubble rate is not by any means generated by an F (R) gravity of the form F (R) ∼ R + βR 2 . What we proved in the previous sections is that the F (R) gravity that can generate the singular evolution (56), is approximately an R 2 gravity only near the Type IV singularity. The general form of the F (R) gravity that generates the Hubble rate (56), is rather difficult to find analytically, but we can infer its probable behavior from the EoS study we performed in this section. Since it seems that both at early and late times, the evolution is nearly de Sitter, this means that the F (R) gravity which generates the Hubble rate (56) obviously leads to two de Sitter vacua, one occurring at early times and the other occurring at late times. So we could say that the F (R) gravity which generates the Hubble rate (56), at early times behaves as ∼ R 2 and at late times, where the curvature is small, it behaves as a small constant ∼ Λ. An F (R) model that behaves approximately as we described is the following (the last term describes the dark energy sector [29] ),
with n = 1, 2, ..., which at early times behaves as F (R) ∼ R 2 and at late times as F (R) ∼ Λ i , so effectively it has two de Sitter vacua. However, the detailed form of the F (R) gravity that exactly generates the Hubble rate (56) is difficult to find, but judging from its qualitative features, it should behave as that of Eq. (81).
In Table III we gathered the results for the models of Eqs. (2) and (56), with regards to the EoS at late times and early times. As we discussed in the previous section, the Type IV singular cosmological evolutions described by (2) and (56) Cosmological Model
EoS at late-time EoS at early-time
Eqs. (2) and (56), have the most simple forms, and generalizations appear in Eqs. (73) and (71). In the rest of this section we shall be interested in the generalized cosmological evolutions (73) and (71), and we shall investigate how the function f (t) appearing in both Eqs. (73) and (71) should behave in order to have the LCDM model at late-times. Before we proceed to the LCDM production at late-times, let us investigate what is the effect of the function f (t) on the corresponding EoS at both early and late times. We start off with the model (71), and the corresponding EoS becomes,
so at early times, near the Type IV singularity, this becomes,
while at late times, the EoS becomes,
From Eqs. (83) and (84) it is obvious that both the early and late-time behavior of the EoS are affected by the presence of the f (t). For the singular inflation Hubble rate, the EoS becomes,
which at early times becomes,
while at late times the singular inflation EoS becomes,
It is obvious that for the singular inflation model, only the late-time behavior of the EoS is affected by the function f (t), a feature that renders the singular inflation model quite appealing.
In the following two sections we shall investigate what the function f (t) should be so the late-time cosmological evolution is described by the LCDM Hubble rate. Having found the function f (t), we shall investigate what is its effect on the EoS.
A. Late-time LCDM Evolution from H(t) = c0 + f (t) (t − ts) α In this section we shall investigate how should f (t) behave so that the late-time behavior of the Hubble rate (71) resembles the one corresponding to the LCDM model, with the latter being equal to,
with a(t) the scale factor of the LCDM model. Then, in order the model (71) becomes approximately the LCDM model at late times, after some simple calculations, we end up that the f (t) should be of the form,
By using this, and substituting in Eq. (83), we can easily find how the EoS is affected by the form of the f (t) function, which becomes approximately a de Sitter evolution, w ef f ≃ −1. Correspondingly, at late times, the EoS behaves as,
which describes a nearly de Sitter evolution. Therefore, in the context of the model (71) it is possible to describe early and late-time evolution, with the late-time evolution being similar to the LCDM model.
the literature there exist viable promising F (R) gravity models, which are consistent with solar system tests and also generate a LCDM late-time evolution, like the exponential F (R) model studied in Ref. [30] , in which case the F (R) gravity has the form,
which when R ≫ b, it becomes F (R) ∼ R + 2Λ ef f . So in the presence of matter, the F (R) gravity of Eq. (94) can yield a LCDM -like behavior.
VIII. DISCUSSION AND CONCLUSIONS
In this paper we studied some crucial aspects and implications of singular inflation in the Jordan frame, in the context of vacuum F (R) gravity. We used a toy inflationary model and also a singular version of the R 2 inflation. In all cases, the singularity during the inflationary era was assumed to be a Type IV singularity, which is a "mild" singularity phenomenologically, meaning that the observable quantities that can be defined at the three dimensional spacelike hypersurface corresponding to the time instance that the singularity occurs, are finite. However, the Type IV singularity affects significantly the parameters that control the inflationary dynamics, since these are rendered singular at the time instance that the singularity occurs. We studied two kinds of dynamical parameters, the Hubble flow parameters and also the Hubble slow-roll parameters, and as we evinced some of these are singular at the Type IV singularity. With regards to the Hubble flow parameters, these are strongly affected by the form of the F (R) gravity, and this might alter the singularity structure of these Hubble flow parameters. The presence of singularities in the parameters that determine the dynamics of the cosmological system, clearly indicates that the dynamical evolution of the system becomes abruptly interrupted and the system becomes dynamically unstable. This means that the cosmological solution that described the evolution of the system up to that point, ceases to describe the system and therefore cannot be a final attractor of the cosmological dynamical system. Clearly, the presence of singularities in the Hubble flow parameters could be an indicator for a graceful exit from inflation, as we claimed. Note however that the presence of singularities is not a mechanism for graceful exit from inflation, but indicates that there is probably some mechanism that generates graceful exit at the point that the singularities occur. Indeed, as we demonstrated in the case of the toy model, the F (R) cosmological system we studied has an unstable de Sitter point, which is actually a solution to the system at the time instance that the singularity occurs. The de Sitter point was shown to be unstable towards linear perturbations, so in effect, curvature perturbations will generate graceful exit from inflation. For a thorough study on this kind of graceful exit from inflation mechanism, we refer to [19] . In principle, there can also be other mechanisms that can generate graceful exit from inflation, like for example tachyonic instabilities in scalar-tensor theories [17] , or even higher loop quantum effects which can also generate a sufficient amount of curvature fluctuations that can end inflation. Finally, we discussed the late-time dynamics of the cosmological evolution we used in this paper. As we evinced, the toy model can also describe late-time acceleration, so it can describe successfully simultaneously early and late-time acceleration. For the case of the singular inflation model, the results are particularly interesting, since there are various scenarios that lead to results compatible with the observations. Instabilities occur at higher order parameters of the slow-roll expansion, and as we claimed, this might be an indication of graceful exit occurring at higher order in slow-roll expansion. In addition, in most cases, the effect of the singularity is to modify the dynamics of inflation, but in some cases it may have observable effects. Actually the Type IV singularity modifies the spectral index of primordial curvature perturbations, but as we showed the difference it causes is significantly small.
A direct comparison of the singular inflation model to the ordinary R 2 inflation model, indicates that in the singular inflation model, inflation might end earlier than the ordinary R 2 inflation model, and in a more abrupt way. Also it is possible that both the singular and ordinary R 2 inflation model end at the same time, but in the case of the singular inflation model, inflation ends more abruptly again.
An interesting issue that we did not address in this paper, is to investigate the effects of Loop Quantum Cosmology [31] corrections on the inflationary dynamics of F (R) gravities in the Jordan frame, in the presence of a Type IV singularity. In addition to Loop Quantum Cosmology corrections, quantum effects should also be taken into account, since these are known to render the finite time singularities milder [3] . Apart from Loop Quantum Cosmology effects, the effects of ordinary matter perfect fluids should be examined too. We hope to address these issues in detail in a future publication.
It is interesting to note that the effects of a Type IV singularity in a bouncing cosmology are quite more severe than in the inflationary solution we described here. Actually, as probably expected, the inflationary description does not apply, but also singularities might appear in the dynamical quantities that determine the inflationary evolution, for example the comoving Hubble radius. We hope to address this issue in a future work. Finally, an interesting question is to see if the Type IV singularity occurs in the Einstein frame, if we perform a conformal transformation.
However, a consistent study of this issue would require the full analytic behavior of the F (R) gravity for the singular inflationary models we studied in this paper, so we refer from going into details on this, since our solution is just an approximation near the Type IV singularity.
(c 0 + f 0 (t − t s ) α ) (4f 0 (c 0 + f 0 (t − t s ) α ) (t − t s ) −1+α α + f 0 (t − t s ) −2+α (−1 + α)α) .
Finally, the same Hubble flow parameter, when calculated for a general F (R) gravity, reads,
F RR (c 0 + f 0 (t − t s ) α ) (t − t s ) 2 (−1 + 4c 0 (t − t s ) + 4f 0 (t − t s ) 1+α + α)
+ F RR (t − t s ) 2 + 4c 0 (t − t s )(−1 + α) − 3α + α 2 + 4f 0 (t − t s ) 1+α (−1 + 2α)
F RR (c 0 + f 0 (t − t s ) α ) (t − t s ) 2 (−1 + 4c 0 (t − t s ) + 4f 0 (t − t s ) 1+α + α) .
